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The problem of suppressing the scattering from conductive objects is addressed in terms of harmonic con-
trast reduction. A unique compact closed-form solution for a surface impedance Zs(m, kr) is found in a
straightforward manner and without any approximation as a function of the harmonic index m (scattering
mode to suppress) and of the frequency regime kr (product of wavenumber k and radius r of the cloaked
system) at any frequency regime. In the quasi-static limit, mantle cloaking is obtained as a particular case
for kr  1 and m = 0. In addition, beyond quasi-static regime, impedance coatings for a selected domi-
nant harmonic wave can be designed with proper dispersive behaviour, resulting in improved reduction
levels and harmonic filtering capability. © 2018 Optical Society of America
OCIS codes: (230.3205) Invisibility cloaks; (290.5839) Scattering, invisibility; (290.0290) Scattering; (160.3918) Metamaterials;
http://dx.doi.org/10.1364/ao.XX.XXXXXX
The challenge of creating devices for electromagnetic invisi-
bility and cloaking has fascinated the scientific community with
increasing research efforts: from finding plasmonic or epsilon-
near-zero covers [1, 2] and metamaterial shells for controlling
light with geometry [3] to the use of scalar and high order
impedance models for patterned metasurfaces [4–6]. The ro-
bust mathematical theory based on Transformation Optics [3]
has been derived considering the coordinate transformation of
a background scenario (by construction, not perturbing fields)
into another curvilinear coordinate system supporting the same
non-scattering phenomenon, thus finding unexpected reflec-
tionless systems. For the harmonic suppression of a general
scattering event, Scattering Cancellation has been developed
considering plasmonic cloaking with bulk metamaterials [1, 2]
and mantle cloaking with thin metasurfaces [4, 5]. To this pur-
pose, Mie Theory [7] has been used for setting the problem of
finding the zeros of the external scattering coefficients for di-
electrics and conductive objects at optical frequencies [2, 8]. In
this respect, closed-form equations have been established for
dielectric cloaking in the quasi-static regime [4, 5], due to the
fact that it is possible to cloak a dielectric object of radius a with
an ultrathin impedance metasurface at r = b directly attached
to the object itself, thus b = a. In this simplified scenario, a
compact closed-form solution has been found and generalized
at any frequency regime for dielectrics quite recently [9]. For
conductive objects, the zeros of the external scattering can only
Fig. 1. Cylindrical geometry (top view) with attached coordinate
system (center): metasurface wrapped around a conductive object
(left) and complete background system (right).
be controlled at a distance r = b > a, detached from the object
itself, and it remains challenging and cumbersome, as stated in
[10] for example, even to find approximate formulas in quasi-
static regime for opaque/impenetrable objects. This appears to
be more and more complicated when the device is beyond the
quasi-static regime.
In this work, we apply a general methodology for reducing
the scattering, as first introduced in [11] and inspired by the
contrast concept as applied here to conductive objects: since in
optical vision applications, the final goal for visibility is the con-
trast enhancement of harmonic scattered waves [12], a proper
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reduction of the contrast leads to zero and low harmonic scat-
tered waves.
In the following treatment, we will consider 2D cylindrical
geometries, but the method can be in a straightforward way
adapted to 3D structures when spherical waves are considered
[13]. A closed-form solution for the dominant harmonic cancel-
lation has been obtained when an impedance coating is directly
attached to the surface of a dielectric cylinder [9]. A more gen-
eral design equation is obtained in this work, considering that
for conductive objects the impedance cloak can not be directly
attached to the surface itself, but it has to be at a certain dis-
tance, even if the spacer is thin [14]. As illustrated in detail in
Fig. 1, a conformal metasurface, made up of a ground plane,
dielectric spacer and impedance loading (left) can behave for
external observers as the same geometry but completely filled
by background material (right). If the contrast between these
two structures is set to zero for a certain parameter (here, the
input impedance), the cloaked structure will behave similarly to
a complete background scenario.
We compute the impedance to a cylindrical wave incident on
a complete background scenario (ideal solution of any cloaking
problem) under TMz polarization (electric field parallel to the
cylinder’s axis), by considering plane waves as expandend in
m-harmonic cylindrical waves
Ezi (kbr, φ) =
m=+∞
∑
m=−∞
im ezi (m, kbr) e
−imφ (1)
Hφi (kbr, φ) =
m=+∞
∑
m=−∞
im hφi (m, kbr) e
−imφ (2)
where kb is the background wavenumber and the radial basis
functions are
ezi (m, kr) = Jm(kbr) (3)
hφi (m, kr) = −iYJ′m(kbr) (4)
where Y is the admittance as computed in the φz-plane at the
same radial distance r, whereas Jm(·) and J′m(·) are the Bessel
function of order m and its derivative, respectively. According
to Eq. (4), a time dependence eiωt is tacitly assumed throughout
this work.
Even if the background is free of source and objects, the
value Y˜b, normalized with respect to the background intrinsic
admittance YB =
√
εb/µb, is obtained as
Y˜b ≡ 1YB
hφi (m, kr)
ezi (m, kr)
= −i J
′
m(kbr)
Jm(kbr)
(5)
and it represents the input admittance of free-space for each
single cylindrical harmonic wave as in [9].
For the cloaked system, the case study will be reducing the
scattering from a conductive cylinder by obtaining a proper
surface impedance function Zs(m, kr), where the dependence on
kr indicates the dispersive behaviour and the harmonic index m
the mode to be suppressed.
For a cylindrical conductive object with a circular cross sec-
tion, using the cylindrical coordinate system (r, φ, z), the prop-
agation of the (incident and scattered) energy occurs through
a radial direction (the wavenumber is~k ≡ |k|rˆ) and, as a con-
sequence, through cross sections A that are similar, but non-
uniform, because of the radial variance along the structure while
traveling, forming dA(r) = rdrdφ.
Such complication is considered in Mie Theory by choosing
cylindrical waves modeled as Hankel functions of the first (in-
ward) and second kind (outward) of order m. In the annular
spacer a ≤ r ≤ b, the electric and magnetic fields are expanded
as
ezt (m, kr) = E
−H(1)m (kr) + E+H
(2)
m (kr) (6)
hφt (m, kr) = −iY
[
E−H(1)
′
m (kr) + E+H
(2)′
m (kr)
]
(7)
where k is the wavenumber in the ring filled with dielectric
material, whereas E− and E+ are the reflected and transmitted
waves, respectively (magnetic fields are instead proportional to
Hankel derivatives). In the external region r ≥ b, the scattered
electric and magnetic fields are expanded with radial functions
as
ezs (m, kr) = cmH
(2)
m (kr) (8)
hφs (m, kr) = −iYcmH(2)
′
m (kr) (9)
where cm is the scattering coefficient in the background region,
weighting outward waves according to classical Mie Theory for
non-scattering structures [1, 4, 8].
For cloaking conductive cylinders, two boundary conditions
are here imposed considering total field functions: one at r = a,
enforcing a zero impedance condition, and a second boundary
condition that has to ensure a zero contrast admittance condition
(thus, a cancellation effect, see Fig. 1) at r = b, the external radius
of the cloaked-background interface, as
Z(r = a) ≡ e
z
t (m, ka)
hφt (m, ka)
= 0 (10)[
hφt (m, kb)
ezt (m, kb)
+Ys
]
− h
φ
i (m, kbb)
ezi (m, kbb)
= 0 (11)
for each specific harmonic mode m.
Solving for the admittances, the second boundary condition
gives rise to an equation for the contrast between the input
admittances Y˜cl (cloaked cylinder) and Y˜b (background cylinder).
The input admittance Y˜cl (cloaked device) contains two contri-
butions: a term Y˜d, obtained by looking at the conductive object
through the dielectric ring and a second term Y˜s, the normalized
surface admittance for loading the impedance metasurface at
r = b in order to tune the contrast to zero. Eq. (11) is equivalent
to compute the zeros for the external scattering coefficients cm
as in classical Mie Theory for cloaking [1, 4], but in a straightfor-
ward manner and without any approximation as follows.
The reflection occurring at r = a is described by the ratio
γ(ka) between the reflected (E−) and the transmitted (E+) waves
at r = a, obtained from Eq. (10) as
γ(ka) ≡ E
−
E+
= −H
(2)
m (ka)
H(1)m (ka)
(12)
It is worthwhile mentioning that now the wavevector, imposed
at the inner boundary by the presence of the dielectric spacer, is
k =
√
εrkb. As regards the boundary at r = b, dividing Eq. (7) by
Eq. (6), it is possible to obtain the admittance function through
the radial direction as a function of the ratio γ(ka) as
Y˜d(r = b) ≡ YdYB = −i
√
εr
[
H(2)
′
m (kb) + γ(ka)H
(1)′
m (kb)
H(2)m (kb) + γ(ka)H
(1)
m (kb)
]
(13)
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Since the input admittance Y is seen from the free-space region,
there is an amplified factor
√
εr in front of Eq. (13), in order
to pass from r = b− at r = b+ [15], where also the surface
admittance Ys is located in a parallel fashion (considered to lie
above the dielectric ring, thus in free-space). In a straightforward
manner, the unknown admittance Ys can be written in a compact
form, substituting Eq. (5) and Eq. (13) in Eq. (11), thus solving
for Y˜s ≡ Ys/YB obtaining
Y˜s = −i J
′
m(kbb)
Jm(kbb)
+ i
√
εr
[
H(2)
′
m (kb) + γ(ka)H
(1)′
m (kb)
H(2)m (kb) + γ(ka)H
(1)
m (kb)
]
(14)
where the denormalized Ys is the required surface admittance
for the cancellation of the mth-harmonic as a function of the
three main parameters of the geometry under consideration:
the radius of the conductor a, the relative dielectric permittivity
of the spacer εr and the external radius b, where the admit-
tance/impedance load is attached. The obtained Ys formula for
conductive objects in Eq. (14) shows two main advantages as the
one for dielectrics [9]: it is directly given in closed-form with its
dispersive behaviour (not constant across the frequency band)
and it is selectively related to the m-harmonic index for spe-
cific scattering cancellation. The surface admittance/impedance
function depends not only on geometrical and physical parame-
ters (a, b, εr), related to the specific cancellation of the harmonic
(m), but also exhibits k-dispersion (or ω-dispersion, where the
angular frequency is ω = 2pi f ).
The challenge of analytical formulas for Zs has been faced
by mantle cloaking, but only the quasi-static function XQSs (ω)
is avalaible in the literature for a conductive cylinder [10], here
reported for sake of comparison as
XQSs (ω) = −16µ0ω
b(b2k20 − 4) log(b/a)
(a2k20 − 4)(256− 4b2 − k20 + b6k60)
(15)
×[4(a2 − b2)k20 + (a2k20 − 4)(b2k20 − 4)]
and plotted in Fig. 2. Authors in [10] have found Eq. (15) for
TMz case by expanding in Taylor’s series Bessel and Hankel
functions involved in the overall scattering process as in Mie
Theory analysis [10].
As reported for example in Fig. 2, the surface impedance,
needed for cancellation effects, appears to be purely reactive if
kb and k are wavenumbers propagating in media without losses.
However, it was demonstrated by Foster [16] that, no matter
how complex a reactance network is, the dispersion behaviour
of lossless impedance systems is always obeying to the law
∂Xs(ω)
∂ω
> 0 (16)
which states that pure imaginary Zs(ω) = Xs(ω) must mono-
tonically increase as a function of the frequency. As reported in
Fig. 2, unfortunately this is not the case for Xs(ω,m = 0), here
intended as the surface impedance needed for the suppression of
the zero order harmonic in TMz polarization: as a consequence,
narrowband operation is expected for a single homogeneous sur-
face impedance when passive coatings are used. However, this
closed-form solution can be appealing for active metasurface
cloaks [17] for any arbitrary dominant m index to suppress, in
order to go beyond the limit as imposed by all passive coatings
[18].
For practical implementation as addressed in this work, this
closed-form design gives an alternative procedure, at any fre-
quency regime, if a dominant mode cancellation is sufficient for
Fig. 2. Dispersion of Xs as a function of D/λ (linear scale): reactance
for mantle cloaking [10] XQSs ) (blue square dots) and for exact analtical
solution Xs(m = 0) (red triangle dots).
Fig. 3. Numerical results with Mie Theory [8] for the absolute value
(linear scale) of scattered field Es (D ≡ 2b = 0.1λ) by changing a =
0.03λ (left column) and a = 0.04λ (right column): uncloaked case
(top), cloaked case with XQSs (middle) and cloaked case with exact
Xs(m = 0) (bottom).
global scattering reduction without complicating the metasur-
face cloak with surface resistance elements for balanced loss and
gain [14].
Even if in Fig. 2 both curves are quite superimposed in quasi-
static regime up to D ≡ 2b < 0.1λ, as the device starts increas-
ing in terms of wavelength, the gap between XQSs (kbr  1)
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Fig. 4. Harmonic cancellation effect considering |cm|, for m = 0, 1, 2
with the computed impedance values: bare and cloaked case for m = 0
(Zs = −i123.9 Ω), for m = 1 (Zs = −i204.6 Ω) and m = 2 (Zs =
−i339.2 Ω) according to the synthesis via Eq. (14). Bare case is also
reported in dashed-line for comparison.
and Xs(kbr,m = 0) starts increasing for the same physical and
geometrical structure. In order to improve the cloaking perfor-
mace with exact surface impedance solutions, the graph in Fig.
2 has been exploit as a design tool: the impedance coating has
been computed for a conductive cylinder of two different radii
(a = 0.03λ and a = 0.04λ), covered by an air spacer at a fixed
radial distance b = 0.05λ. For the bare conductive cylinder with
a = 0.03λ, the quasi-static formula gives XQSs = −56.62 Ω with
respect to the exact solution for the mode m = 0 that results to be
Xs(m = 0) = −62.52 Ω. For the uncloaked case with a = 0.04λ,
the quasi-static formula gives XQSs = −24.91 Ω whereas the
exact solution for the mode m = 0 gives Xs(m = 0) = −26.77 Ω.
The surface impedance values, obtained inverting Eq. (14) and
from mantle cloaking via Eq. (15), as reported in Fig. 2, are
plotted as a function of the maximum dimension of the cloaking
system in terms of wavelength (i.e., D/λ = 2b/λ), where the
cloak is placed at b = 1.25a with a dielectric layer made of air
(i.e., k = k0).
In order to check the validity of the synthesis process in
comparison with the quasi-static formula, a Mie Theory analysis
is performed for cloaking conductive scatterers as detailed in
[8]. As reported in Fig. 3, even if such case is at the border of the
quasi-static condition (external diameter fixed at D = 0.1λ) and
thus the reactance value differs only of few Ω in this frequency
regime, the absolute value of the scattered field is different for
the two cloaked cases (quasi-static and exact formula) and also
when the radius a changes. With respect to the bare conductive
cylinder (top), a residual scattering in the forward direction is
always observed in the cloaked case according to the quasi-static
formula (and even deteriorates when a = 0.04λ). However,
when the exact solution is employed, a deep reduction in the
outside region is always observed: as a comparison, contour
field level are inserted and set for all three cases to be equal with
the same step ∆|Es| = 0.1 V/m.
In addition, beyond quasi-static regime, as reported in Fig. 4,
the scattering from uncloaked and different cloaked structures
is tested, in order to validate if Eq. (14) is able to give the exact
value of the Zs(m) needed to cancel the selected harmonic wave.
The reference uncloaked scenario is a bare conductive cylinder
of radius a = 0.1λ and all the cloaked devices are considered
with a low-contrast dielectric εr ≈ 1 but loaded with different
impedance values at b = 0.15λ (thus, looking at Fig. 2, beyond
the quasi-static regime with D/λ = 0.3).
The first three cylindrical harmonics with m = 0, 1, 2 are
given as a function of the absolute value of cm, detected by ex-
ternal observers [1, 4, 8]. For this specific uncloaked case, the
dominant term is still m = 0 and this harmonic is set to zero
by the impedance value Zs = −i123.9 Ω. However, there is an
increase in the field level for the two successive harmonics m = 1
and m = 2 with respect to the bare case. The selective filtering
of the impedance metasurface is evident when the other cylin-
drical hamonic waves are chosen to be suppressed via Eq. (14).
For the specific value Zs = −i204.6 Ω, the harmonic wave with
index m = 1 is canceled as expected, whereas the other contri-
butions appear as increased in the overall process. For sake of
comparison, also the impedance value Zs = −i339.2 Ω for the
suppression of the harmonic index m = 2 is reported.
One can conclude that, when the dimension of the object
with respect to the incoming wavelength continues increasing,
N impedance coatings are necessary in the radial direction for
handling the cancellation of N harmonic indices simultaneously.
On the other hand, controlling more than a single dominant
harmonic but in the azimuthal direction, it means a metasurface
cloak having a surface impedance with oscillating resistance and
reactance values [14].
In conclusion, a closed-form solution for achieving exact har-
monic cancellation has been reported for conductive objects
when an impedance metasurface is employed (as the graphene-
based one [13]). Theoretical predictions are validated in the
quasi-static regime and compared with existing solutions [10].
Beyond the subwavelength limit, a full Mie analysis [8] confirms
that the selected scattering coefficient has been canceled. An ex-
tension with multilayer coatings, for suppressing more than one
dominant harmonic wave in the azimuthal or radial direction,
thus going beyond the unidirectionality issue of balanced loss
and gain metasurface cloak [14], is currently under investigation.
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